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Abstract

We study Maker-Breaker games played on the edge set of a random graph. Specifically, we analyze
the moment a typical random graph process first becomes a Maker’s win in a game in which Maker’s
goal is to build a graph which admits some monotone increasing property P. We focus on three natural
target properties for Maker’s graph, namely being k-vertex-connected, admitting a perfect matching, and
being Hamiltonian. We prove the following optimal hitting time results: with high probability Maker
wins the k-vertex connectivity game exactly at the time the random graph process first reaches minimum
degree 2k; with high probability Maker wins the perfect matching game exactly at the time the random
graph process first reaches minimum degree 2; with high probability Maker wins the Hamiltonicity game
exactly at the time the random graph process first reaches minimum degree 4. The latter two statements
settle conjectures of Stojakovi¢ and Szabd. We also prove generalizations of the latter two results; these
generalizations partially strengthen some known results in the theory of random graphs.

An extended abstract of this paper was previously published in [4].

1 Introduction

Let X be a finite set and let F C 2% be a family of subsets. In the positional game (X, F), two players take
turns in claiming one previously unclaimed element of X and the game ends when all of the elements of X
have been claimed by either of the players. The set X is often referred to as the board of the game. Positional
games have attracted a lot of attention in the past decade and a thorough introduction to this field with
a plethora of results can be found in a recent monograph of Beck [3]. In a Maker-Breaker-type positional
game, the two players are called Maker and Breaker and the members of F are referred to as the winning
sets. Maker wins the game if he occupies all elements of some winning set; otherwise Breaker wins. We will
always assume that Breaker starts the game. We say that a game (X, F) is a Maker’s win if Maker has a
strategy (that can be adaptive to Breaker’s moves) that ensures his win in this game against any strategy

of Breaker, otherwise the game is a Breaker’s win. Note that X and F alone determine whether the game
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is a Maker’s win or a Breaker’s win. A classical example of this Maker-Breaker setting is the popular board
game HEX.

1.1 Maker-Breaker games on graphs

Let G = (V, E) be a graph and let P be a monotone increasing graph property on V' (a family of graphs on V|
closed under isomorphism and addition of edges). Consider the Maker-Breaker game (F, Fp) whose board
is E, the edge set of G. The game is won by Maker if and only if the graph spanned by the edges he claims
throughout the game satisfies the property P. We denote the family of graphs G for which the (E(G), Fp)
game is a Maker’s win by Mp. Although the property Mp is described in game-theoretic terms, it should
be noted that the games (E(G), Fp) are finite perfect information games with no chance moves, and thus
Mp is some graph property which clearly satisfies Mp C P. Moreover, since P is monotone increasing, Mp
is clearly monotone increasing as well. By considering monotone increasing graph properties, the game can
be terminated as soon as the graph spanned by Maker’s edges satisfies the property, regardless of whether
all edges have been claimed or not. This leads to several natural questions. First, how sparse can a graph
G € Mp be? In this context, playing on random graphs (where the density of the graph is chosen according
to the property at hand) becomes very natural. The systematic study of this setting was initiated in [26]
by Stojakovié and Szabd, and this current work is a further exploration of it. Second, one can also study
the minimum number of moves needed for Maker in order to win the game (see e.g. [2, 24, 13, 15, 18]).
Although “winning fast” is not in the focus of this current paper, we will see how an upper bound on the
number of moves required by Maker to win the game helps, and is in fact crucial, in the analysis of Maker’s

winning strategy.

1.2 Random graphs

The most widely used random graph model is the Binomial random graph, G(n,p). In this model we start
with n vertices, labeled, say, by V = {1,...,n} = [n], and select a graph on these n vertices by going over
all (Z) pairs of vertices, deciding independently with probability p for a pair to be an edge. The model
G(n,p) is thus a probability space of all labeled graphs on the vertex set [n] where the probability of such
a graph, G = ([n], E), to be selected is p/®(1 — p)(g)flE‘. This product probability space provides us with
a wide variety of probabilistic tools for analyzing the behavior of various random graph properties. (See
monographs [8] and [19] for a thorough introduction to the subject of random graphs). In the subsequent
sections we will need at some point to employ a slightly generalized model. Let F' C (‘2/) be an arbitrary
subset and let G(n,p)_r := G(n,p) \ F.

Although the Binomial random graph model is very natural and relatively easy to use, it was not the
first model to be considered. In their seminal paper, Erdés and Rényi considered the uniform probability
space over all graphs on a fixed set of vertices with exactly M edges, G(n, M). Note that for any value of p,
if we condition the random graph G(n,p) to have exactly M edges, then we obtain exactly the Erdés-Rényi
random graph model. The similarity of the two models enables us to prove the occurrence of events in the
G(n,p) model and get the corresponding result in the G(n, M) model.

Proposition 1.1 ([19], Proposition 1.13). Let P = P(n) be a sequence of monotone increasing graph
properties, 0 < a <1 and 0 < M < (%) be an integer. If for every sequence p = p(n) € [0,1] such that p =



M/(3)+0 (M ((5) — M) /(3)3) it holds that lim,,_, o Pr [G(n,p) € P] = a, then lim,_,o, Pr[G(n, M) € P| =

The converse result to Proposition 1.1 holds! as well (see e.g. Proposition 1.12 in [19]); this enables us
to transfer results from one model to the other. Unfortunately, not all properties we will encounter and
explore are monotone increasing, and hence Proposition 1.1 cannot be used in those cases. Nonetheless, we
would like to take advantage of the “ease” of calculations in the G(n,p) model (due to the independence of
appearance of its edges), and transfer the results to the G(n, M) model, for the appropriate values of M. To

achieve this we will use this more crude estimate (see e.g. [19]), which will suffice for our purposes.

Claim 1.2 ([19], inequality (1.6)). Let P be a property of graphs on n vertices and let 1 < M < (g) be an
integer. Setting p= M/ () we have Pr[G(n, M) € P] < 3v/M - Pr[G(n,p) € P].

Next, we consider the following generation process of graphs. Given a set V of n vertices and an

ordering on the pairs of vertices 7 : (‘2/) — [(Z)], we define a graph process to be a sequence of graphs

G =G(n) = {Gt}gi)o on V. Starting with Gy = (V,0), for every integer 1 < t < (), the graph G is
defined by Gy := G;_1 Un~1(t). For a given graph process G on V', we define the hitting time of a monotone
increasing graph property P on V as

7(G;P) = min{t : G, € P}. (1)

When selecting 7 uniformly at random, the process é(ﬂ') is usually called the random graph process. If

G = {Gt}gz) is the random graph process, then, for every 0 < M < (g), the graph G}, is distributed
according to G(n, M), that is, Gy ~ G(n, M). This shows that analyzing the hitting time of a monotone
increasing property P is in fact a refinement of the study of values of M and p for which G(n, M) € P and
G(n,p) € P respectively (where to get the values of p we employ the converse of Proposition 1.1 as stated

above).

For every positive integer k let d; denote the graph property of having minimum degree at least k, let
ECy, denote the graph property of being k-edge connected, let VCj denote the graph property of being k-
vertex connected, and let HAM denote the graph property of admitting a Hamilton cycle. Two cornerstone
results in the theory of random graphs are that of Bollobds and Thomason [10] who proved that for every
1 <k <n—1, with high probability (or w.h.p. for brevity)? 7(G;0y) = 7(G; ECi) = 7(G; VCy), and that of
Komlés and Szemerédi [21] who proved that w.h.p. 7(G;d3) = 7(G; HAM) (see also [7]). Note that these
two results (and many others which have succeeded) provide a very strong indication that the “bottleneck”
for such properties in random graphs is in fact the vertices of minimum degree. The results of this paper are

of the very same nature.

1.3 Motivation and previous results

Given a graph G with minimum degree at most 2k — 1, when playing on the board E(G) Breaker can keep
claiming edges incident to some vertex of minimum degree, and with the advantage of playing first will thus

leave Maker with a graph containing a vertex of degree at most k — 1. This implies that Breaker wins the

Hn fact, when moving from G(n, M) to G(n,p) the monotonicity requirement is not necessary.
2In this paper, we say that a sequence of events A, in a random graph model occurs w.h.p. if the probability of A, tends
to 1 as the number of vertices n tends to infinity.



k-edge-connectivity game (E(G), Fee,) for such graphs, and therefore T(é;Mgck) > T(é;égk) for every
graph process G. In [26] Stojakovié and Szabé were the first to consider Maker-Breaker games played on
random graphs. By combining theorems of Lehman [22] and of Palmer and Spencer [23], they observed that
for every fixed positive integer k, if G is the random graph process, then w.h.p. T(G;Mgck) = T(é; dok ),

3

thus providing a very precise hitting time result for the edge-connectivity game®. Similarly to the edge-

connectivity case we have that for every graph process G
(G 021) < T(G; Mye,).- (2)

Let PM denote the graph property of admitting a matching of size |n/2] in a graph on n vertices. Every
graph G on an even number of vertices with minimum degree at most 1 is a win for Breaker in the perfect

matching game (E(G), Fpaq). Hence, for every graph process G on an even number of vertices

7(G;82) < 7(G;s Mp ). (3)

In [26] Stojakovié and Szabé conjectured that if G is the random graph process, then w.h.p. equality
holds in (3). Although they did not prove this conjecture, in [26] they proved that if p > 641%, then
w.h.p. G(n,p) € Mpr. Note that this result is optimal in p up to multiplicative constant factor, for if
p < M, where w(1) is some function which tends to infinity with n arbitrarily slowly, then w.h.p.

8(G(n,p)) <1, and hence by (3), w.h.p. G(n,p) & Mp.

Clearly, every graph G with minimum degree at most 3 is a win for Breaker in the Hamiltonicity game

(E(G), Fyam)- Hence, we have that for every graph process G
7(G;03) < 7(G; Magam)- (4)

In [26] Stojakovié and Szabd conjectured that if G is the random graph process, then w.h.p. equality holds
in (4).

One of the first results in the field of Maker-Breaker games on graphs is due to Chvatal and Erdés in their
seminal paper [11], which states that K, € Myanm for sufficiently large values of n (in [18] the third author
and Stich proved that n > 38 suffices). The problem of finding sparse graphs which are a win for Maker was
addressed by Hefetz et. al. [17] where they showed that, for sufficiently large values of n, there exists a graph
G € M3y anm on n vertices with e(G) < 21n. Playing the Hamiltonicity game (E(G), Fy.am) on the random
graph G(n, p) was first considered in the original paper of Stojakovi¢ and Szabé [26] where they proved that
if p > 321%, then w.h.p. G(n,p) € Myam. Later, Stojakovié [25] found the correct order of magnitude
proving that p > 5.4lnn/n suffices for G(n,p) to be w.h.p. Maker’s win in the Hamiltonicity game. This

1 Inlnn)® .
w, where s is some large but fixed constant,

Inn+3Inlnn—w(l)

n )

requirement on p was subsequently improved to p >
by Hefetz et. al. [16]. Note that this result is very close to being optimal, for if p =
where w(1) is some function which tends to infinity with n arbitrarily slowly, then w.h.p. §(G(n,p)) < 4 and
hence by (4) w.h.p. G(n,p) € Mayam. Lastly, in [5] the first and fourth authors with Sudakov studied the
Hamiltonicity game played on the edges of random regular graphs (the uniform probability measure over all
d-regular graphs on a fixed vertex set) and proved that for large enough constant values of d this game is

Maker’s win.

31n [26] only the case of k = 1 is explicitly mentioned, but it can be generalized for any positive integer k in a straightforward

manner.



1.4 Our results

In this paper we address the aforementioned Maker-Breaker games on random graphs, namely when Maker’s
goal is to build graphs which satisfy the properties of being k-vertex connected, admitting a perfect matching,
and being Hamiltonian. Specifically, the main objective of this paper is to prove that the trivial minimum
degree requirement as stated in (2), (3), and (4) is actually the bottleneck for a typical random graph to be

a win for Maker in all of the above mentioned games. The following results will thus be proved.

Theorem 1. For every fixed integer k > 1, zfé is the random graph process, then w.h.p.

T(é;Mvck) = T(é;égk).

For every positive integer k it holds that VCy C £Cy, hence Theorem 1 is in fact an improvement of the

aforementioned result of Stojakovi¢ and Szabé in [26].
The following result for the prefect matching game is also proved.

Theorem 2. IfC:Y is the random graph process on an even number of vertices, then w.h.p.

(G Mp ) = 7(G3 82).

Theorem 2 settles a conjecture raised in [26]. By the connection between the random graph models as
described in Section 1.2 and by known results on the distribution of the minimum degree of G(n, p), Theorem

Inn+Inlnntw(l)
n

2 implies that w.h.p. G(n,p) € Mpp for every p > , improving on the result of Stojakovié

and Szabd in [26].
Theorem 3. Ifé is the random graph process, then w.h.p.

(G5 Macanm) = 7(G; 84).

Theorem 3 settles a conjecture raised in [26]. Moreover, similarly to the above, Theorem 3 improves on

the result of Hefetz et. al. in [16] by implying that w.h.p. G(n,p) € Mayam for every p > M

1.4.1 From Maker-Breaker games to general random graphs

We stress that using some simple observations, all of the above results have implications for the general
framework of random graphs, hence implying that, in a sense, Theorems 1, 2, and 3 in fact partially strengthen

some of the classical results of random graph theory.

Lehman’s Theorem [22] states that G € Mgc, if and only if G admits 2k pairwise edge-disjoint spanning
trees . We note that the assertion of Theorem 1 combined with Lehman’s Theorem implies that for fixed &
w.h.p. the hitting time of G for admitting 2k pairwise edge disjoint spanning trees is precisely the time the
process first hits minimum degree 2k. Hence, we recover a result of Palmer and Spencer [23] for even values
of k.

Next, we stress that by using a strategy stealing argument, all of the above results can be transferred from

the Maker-Breaker setting to statements about graph packing. Indeed, let G be a graph and let P be some

4in fact, Lehman stated his theorem only for the case k = 1, but it is straightforward to generalize it to handle every positive

integer k.



monotone increasing graph property for which we know that G € Mp. Let S); be some winning strategy
of Maker for the game (E(G), Fp). Breaker, who is the first player under our assumptions, can choose to
steal Maker’s winning strategy as follows. He starts by claiming an arbitrary edge of G. He then pretends
that the game starts with Maker’s first move; he thus assumes the role of the second player. He responds to
each of Maker’s moves according to Sys. If at any point during the game, the strategy Sys requires Breaker
to claim an edge that he has already claimed, Breaker simply claims some other arbitrary edge which was
not previously claimed by either of the players. Since Breaker is following a winning strategy for (E(G), Fp)
and since P is a monotone increasing graph property (that is, extra edges cannot “hurt” Breaker), he will
build a subgraph which satisfies P by the end of the game. On the other hand, we can assume that Maker
follows Sy as well. It follows that Maker will also build a subgraph which satisfies P (as his winning strategy
can beat any strategy chosen by Breaker). Clearly, at the end of the game we have found two edge-disjoint

subgraphs, each satisfying P.

For every positive integer k& > 1, let PM* and HAM" denote the graph properties of admitting &
pairwise edge-disjoint perfect matchings, and k pairwise edge-disjoint Hamilton cycles respectively. Applying
the aforementioned strategy stealing argument to the assertions of Theorems 2 and 3 implies the following: if
G is the random graph process, then w.h.p. 7(G; PM?) = 7(G; 8y) and 7(G; HAM?) = 7(G;6,). In Section
7 we discuss some generalizations of Theorems 2 and 3 which in turn imply that 7(G; PM?*) = 7(G; 1)
and 7(G; HAM?) = 7(G; d41,) for a fixed integer k > 1. This is in fact a classical theorem (for fixed even
minimum degree) of Bollobas and Frieze [9] for optimal packing of perfect matchings and Hamilton cycles

in sparse random graphs (see also further extensions to random graphs of non-constant minimum degree
[14, 6, 20]).

1.5 Organization

The rest of the paper is organized as follows. In Section 2 we provide some preliminary technical results about
positional games, expanders, and random graphs, which will be needed in the course of our proofs. Section
3 is devoted to the analysis of a general game in which Maker’s goal is to build an expander graph. This will
give us a framework from which we can build on to prove the concrete results on the more natural games
mentioned above. In Section 4 we prove some properties of random graphs and random graph processes that
will be useful in the proofs of our main results. We then move on to provide the full proofs of Theorems
1 and 2 in Section 5. These proofs will rely heavily on the general expander game and the properties of
random graphs and random graph processes which we discussed in the preceding two sections. In Section
6 we move on to the proof of Theorem 3, which is more delicate than the previous two and requires some
more ideas to get the result in full. Lastly, we discuss some further generalizations and sketch their proofs

in Section 7.

2 Preliminaries

In this section we cite some tools which we will make use of in the succeeding sections. First, we will need to
employ bounds on large deviations of random variables. We will mostly use the following well-known bound

on the lower and the upper tails of the Binomial distribution due to Chernoff (see e.g. [1, Appendix A]).

Theorem 2.1 (Chernoff bounds). If X ~ B(n,p) then



1. PriX < (1—¢)np] < exp(—sz%) for every e > 0;

2. Pr(X > (14 ¢)np] < exp(—") for every e > 1.

It will sometimes be more convenient to use the following bound on the upper tail of the Binomial

distribution.

Lemma 2.2. If X ~ Bin(n,p) and k > np, then Pr[X > k| < (enp/k)*.

Note that the bound given in Lemma 2.2 is especially useful when k is “much larger” than np.

For the sake of simplicity and clarity of presentation, we do not make a particular effort to optimize the
constants obtained in our proofs. We also omit floor and ceiling signs whenever these are not crucial. Most

of our results are asymptotic in nature and whenever necessary we assume that n is sufficiently large.

2.1 Notation

Our graph-theoretic notation is standard and follows that of [27]. In particular, we use the following. For a
graph G, let V(G) and E(G) denote its sets of vertices and edges respectively, and let e(G) = |E(G)|. For a
set A C V(Q), let Eg(A) denote the set of edges of G with both endpoints in A, and let e (A) = |Eg(4)]. For
disjoint sets A, B C V(G), let Eg(A, B) denote the set of edges of G with one endpoint in A and the other in
B, and let eq(A, B) = |Eg(A, B)|. For aset S C V(G), let Ng(S) ={u e V(G)\S : v € S, {u,v} € E(G)}
denote the set of neighbors of S in V(G) \ S. For a vertex w € V(G), we abbreviate Ng({w}) to Ng(w).
For a vertex w € V(G) \ S let dg(w,S) = |[{u € S : {u,w} € E(G)}| denote the number of vertices of S
that are adjacent to w in G. We abbreviate dg(w,V \ {w}) to dg(w) which denotes the degree of w in G.
The minimum vertex degree in G is denoted by 6(G). For a set S C V(G) let G[S] denote the subgraph
of G with vertex set S and edge set Eg(S). Let conn(G) and odd(G) respectively denote the number of
connected components and the number of connected components of odd cardinality in G. Lastly, we will
denote by ¢(G) the length of a longest path in G, where the length of a path is the number of its edges.

2.2 Basic positional games results

The following theorem is a classical result of Erdds and Selfridge [12] which provides a useful sufficient

condition for Breaker’s win in the (X, F) game.
Theorem 2.3 (Erdés and Selfridge [12]). For any hypergraph (X, F), if
D 2l < %,
AeF
then Breaker, playing as the first or second player, has a winning strategy for the (X, F) game.
The following simple lemma is useful when a player is trying to ensure expansion of small sets. A similar

lemma appeared in [16].

Lemma 2.4. For every integer k > 0, if H is a graph on n vertices with minimum degree 6(H) > 4k, then

H € M5, . Moreover, Maker can win the minimum degree k game on the edge set of H in at most kn mowves.



Proof. We define a new graph H*, where H* = H if all the degrees in H are even, and otherwise H* is
the graph obtained from H by adding a new vertex v* and connecting it to every vertex of odd degree
in H. Since all degrees of H* are even, it admits an Eulerian orientation H*. For every v € V(H), let
Ew) = {{v,u} € E(H) : (1173 € E(ﬁ*)} Clearly, |E(v)| > {%] and the sets {E(v)},ev(m) are
pairwise disjoint. In every round, if Breaker claims an edge of F(v), then Maker responds by claiming an edge
from E(v), unless he already has k edges incident with v in which case Maker proceeds by claiming an edge
from E(u), where u is some vertex such that Maker did not yet claim k of its incident edges (if no such vertex
exists, then the game was already won by Maker). Note that as PE(vz)‘_l-‘ > {dH(Z)_Q-‘ > {41“4*2] >k,
Maker can always play according to this strategy until he claims k£ edges incident with v. Disregarding the

orientation, after at most kn moves, the graph spanned by Maker’s edges has minimum degree at least k as

claimed. O

2.3 (R, c)-expanders

Let us first define the type of expanders we wish to study.

Definition 2.5. For every ¢ > 0 and every positive integer R we say that a graph G = (V, E) is an (R, ¢)-
expander if every subset of vertices U C V of cardinality |U| < R satisfies |Ng(U)| > ¢ |U|. We denote the
graph property of being an (R, ¢)-expander by Xg ..

Remark 2.6. From the above definition it clearly follows that for every ¢ > 0 and every positive integer R
(both ¢ and R can be functions of the number of vertices of the graph in question), the graph property Xg .
is monotone increasing.

Next, we consider some structural properties of (R, ¢)-expanders. The following two claims show that the
removal or addition of subsets that satisfy certain properties result in graphs that are still expanders. These

properties will allow us to slightly modify certain expanders without losing their expansion properties.

Claim 2.7. If G = (V, E) is an (R, c)-ezpander and U C V is a subset of vertices such that no two vertices
of U have a common neighbor in G, then G[V \ U] is an (R, c — 1)-ezpander.

Proof. Let S C V\U be a set of cardinality |S| < R. It follows by our assumption on U that |[Ng(v)NU| < 1
holds for every vertex v € S. Hence |Ngpy\v)(S)| > |[Na(S)| = [S| > (¢ —1)|S]. O

Claim 2.8. Let G = (V,E) be a graph, let ¢ > 0, and let R be a positive integer. Let U C V be a
subset of vertices such that dg(u) > (¢ — 1) for every w € U, and, moreover, there is no path of length at
most 4 in G whose (possibly identical) endpoints lie in U. If G[V \ U] is an (R, c)-expander, then G is an
(R,c — 1)-expander.

Proof. Let V! = V\ U and let H = G[V’]. Let S C V be of cardinality s < R, and let S; = SN U and
let So = S\ Sy with respective cardinalities s; and s; = s — s;. Our assumptions on U imply that it is
independent and that for every U’ C U we have that [Ng(U’')| > (¢ — 1)|U’|. Tt follows that Ng(S1) C
V' \ U. Furthermore, N;(S1) can contain at most one vertex from each set {{t} U Ny (¢)}+ev’, and hence
[ING(S1)N(S2UNg(S2))| < |S2|. It follows that Ng(S) 2 Ng(S2)U(Ng(S1)\ (Ng(S2)US2)), which implies
ING(S)| > c¢-s3+ (¢ —1)s1 —s3 = (¢ — 1)s as claimed. O



Next, we describe some sufficient conditions for a graph G = (V, E) to be an expander (with appropriate

parameters). Define:

(M1) eq(U) < ‘;((Cjﬂj)l for every subset of vertices U C V of cardinality 1 < |U| < (¢ + 1)r;

(M2) eq(U,W) > 0 for every pair of disjoint subsets of vertices U, W C V of cardinality |U| = |W| = r.

Lemma 2.9. For every ¢ > 0, if G = (V,E) is a graph which satisfies properties M1 and M2 for some

.. . \%4 . V|-
positive integer r < (Lr—lw then G is a (lcllr,c)-empander.

Proof. Set R = “le_:lr; note that R > r holds by the assumption of the lemma. Assume for the sake

of contradiction that there exists a set S C V of cardinality |S| < R for which |Ng(S)| < ¢|S|. Let
T = SUNg(S), then |T| < (¢+ 1)|S|. If 1 < |S] < r, then |T| < (¢ + 1)r. Moreover, since all edges that
have at least one endpoint in S are spanned by the vertices of T, it follows that eq(T") > w > 62(51;‘,
which contradicts property M1. If r < |S| < R, then, since eg(S,V\T) =0 and |[V\T| > |V|—(c+1)|S| >

V| — (¢4 1)R = r, we obtain a contradiction to property M2. This concludes the proof of the lemma. [

The reason we study (R, ¢)-expanders is the fact that they entail some pseudo-random properties from
which (under some conditions on R and c¢) some of the natural properties that are considered in this paper
follow. We will provide a sufficient conditions for an (R, ¢)-expander to be k-vertex connected and to admit
a perfect matching. Hence by playing for an (R, c)-expander, Maker will be able to win the two games whose
goals are the aforementioned two properties (each posing different conditions on R and ¢). The sufficient
condition for a graph to be Hamiltonian, that we will use in the course of the proof, is more delicate than
the conditions for k-vertex connectivity and for admitting a perfect matching, and requires some additional

ideas, but the heart of the proof will still rely on expanders, and the same expander game.

3 An expander game on pseudo-random graphs

The main object of this section is to describe a general Maker-Breaker game which will reside in the core of
all of our proofs. Specifically, the goal of this section is to provide sufficient conditions for G € My, ., or
namely, for a graph G to be Maker’s win when Maker’s goal is to build an (R, ¢)-expander. Although this
game may seem at first to be an unnatural and artificial game to study, it turns out that this game will lie

in the heart of our proofs of all of the results presented in this paper. Given parameters ¢ > 0, 0 < ¢ < 1,
V]

o1
vertices. These properties, which are closely related to properties M1 and M2, will be needed in the proof

K > 0 and a positive integer r < we define the following two properties of a graph H = (V| E) on n’

of the main result of this section. Define:

(Q1) exy(U) < Efégjrlzl for every subset of vertices U C V of cardinality 1 < |U| < (¢ + 1)r;

(Q2) ey(U,W) > Krln ("7/) for every pair of disjoint subsets of vertices U,W C V of cardinality |U| =
[W|=r.

Remark 3.1. Whenever we will cite property Q2 we will give an explicit expression for K which will not

necessarily be a constant.



Theorem 3.2. There exists an integer ng > 0 such that for every graph G' = (V,E) on n’ > ng vertices

with minimum degree §(G') > 0 and for every choice of parameters % <e< %, c > 0, and integer

0<r< min{;“_—/z, E"T;} for which G’ satisfies properties Q1 and Q2 with K =

(Z;lr,c)—expander game on G', that is, G' € My, , with R = 72/_:{,

ﬁ, Maker can win the

Our proof of this theorem will be presented as a series of three lemmata whose composition implies
Theorem 3.2 directly.

Lemma 3.3. There exists an integer ng > 0 such that for every graph G' = (V, E) on n’ > ng vertices with
minimum degree 6(G') > 0 and for every choice of parameters ﬁ <e< % and integer 0 < r < n'/e* for
which G’ satisfies property Q2 with K = 7,(%/28), the edge set E can be split into two disjoint subsets E =
E1 U Ey such that the graph G1 = (V, E1) has minimum degree §(G1) > €6(G’) and the graph Gy = (V, Es)

satisfies property Q2 with K = 3.

Proof. Pick every edge of G’ to be an edge in Gy with probability 2 independently of all other choices.
The degree in G; of every vertex v € V is binomially distributed, that is, dg, (v) ~ Bin(dg:(v),2¢) and
thus its median is at least [2¢0(G’)|. By our choice of ¢ we have that [2¢6(G’)| > €d(G’) and therefore
Pr(dg, (v) > €6(G')] > 1/2. Since the degrees of every two vertices are positively correlated, by the FKG
inequality (see e.g. [1, Chapter 6]) we have that

Pr[6(Gy) > £8(G")] > 27™.

Let U, W be a pair of disjoint subsets of vertices of cardinality |U| = |W| = r. By our assumption on G’ we

n’ In

have that eg: (U, W) > % As e, (U, W) ~ Bin(eg/ (U, W), 1 —2¢) we have E [eg, (U, W)] > ' In (’L)
Applying Theorem 2.1 we have

! 1— 302 p/In (2 n'In (2
Pr [eGQ(U,W)<3rln<Z>} < exp _( ") (T) < exp _M

2 3

By applying the union bound over all pairs of disjoint subsets of vertices of cardinality r each, we conclude
that the probability that G5 violates property Q2 with K = 3 is at most

() (Y () () g (2L

= o (o (1 (%)) - )
. n'In ("7/)

ex —
P 4
< 27",

and therefore there exists a partition of G’ as claimed. O

The following lemma provides a sufficient condition for a graph G = (V, E) to be a Maker’s win in the
game (E, Fp2), that is, the game on the edge set of G in which Maker’s goal is to build a subgraph which

10



satisfies the (monotone increasing) property M2. In order to prove this result, we invoke a rather standard
technique of studying a dual game in which the roles of Maker and Breaker are exchanged. Note that in the

dual game, Breaker (which was the original Maker) is the second player.

Lemma 3.4. There exists an integer ng > 0 such that for every graph Go = (V, E3) on n’ > ng vertices and
for every integer 0 < r < n’/e3° for which G satisfies property Q2 with K = 3, playing on Ey Maker can
build a subgraph of Go which satisfies property M2.

Proof. Let G5 be any graph with vertex set V. In order for Maker to build a graph which satisfies property
M2, he can adopt the role of Breaker in the game (Fs, £), where £ is the family of edge-sets of all induced
bipartite subgraphs of G5 with both parts of size . Recall that, by property Q2 with K = 3, the size of
every such winning set L € L is at least 3rIn ("7/) It follows that

227|L| < Z Z 9—ea, (UW)

LeL UCV WCV\U
[Ul=r |W|=r
/ ’_ /
< (n > (n T) - exp (—37" In <n> 1n2>
r r r
en’\ 2" n'
< () - exp <3r In <> In 2>
r r
n' n'
< exp <r~ (2111 <) +2—-In2-3In (>)>
r r
- L
5"
The assertion of the lemma readily follows from Theorem 2.3. O

Lemma 3.5. There exists an integer ng > 0 such that for every graph G' = (V, E) on n' > ng vertices and
for every choice of parameters 0 < e <1, ¢ > 0 and integer 0 < r < &—/2 for which G’ satisfies property Q1
and whose edge set can be partitioned into two disjoint sets E = E1 U Ey where G1 = (V, E1) is of minimum
degree 6(G1) > - 6(G"), and Gy = (V, Es) satisfies Q2 with K = 3, Maker can win the (%,c)-eaﬁpander

game, that is, G' € My, , with R = Zl_flr-

Proof. Before the game starts, Maker splits the board into two parts, G; = (V, E;1) and Go = (V, E») as
indicated in the lemma. Maker then plays two separate games in parallel, one on F; and the other on Fj.
In every turn in which Breaker claims some edge of F;, for i = 1,2, Maker responds by claiming an edge of
E; as well (except for maybe once if Breaker has claimed the last edge of E;). Let H denote the graph built
by Maker by the end of the game and set Hy = (V, E(H)N E;y) and Hy = (V, E(H) N E3).

The game on FE; is played according to Lemma 2.4. Hence, by the end of the game, Maker’s graph H;
3(G1)

will have minimum degree at least 6(H;) > ==**. Since G’ satisfies property Q1 and §(G1) > €6(G') it

follows that, for every U C V of cardinality 1 < |U| < (¢ + 1)r, the number of Maker’s edges with both

ot ; s(GNH|U] 3(G|U] (H)|U| S(H)|U]
endpoints in U is eg(U) < e/ (U) < E1o(c+1) < 10(2+1) S 2(c1+1) S S

M1.

Hence, H satisfies property

The game on FEs is played according to Lemma 3.4. Hence, by the end of the game, Maker will build a
graph Hy which satisfies property M2. By the monotonicity of M2, this property also holds for H. Noting
that H, n’, r and c satisfy the conditions of Lemma 2.9, we deduce that H € My, , that is, Maker’s graph
is an (R, ¢)-expander as claimed. O

11



4 Properties of random graphs and random graph processes

We consider the random graph model we are interested in, the random graph process. For every fixed integer
k > 1 we define two functions as follows:

n\Inn+(k—1)Inlnn —Inlnlnn
myg = <2> ( ) ; (5)
n
n\Inn+(k—1)Inlnn+Inlnlnn
My = <2> ( ) - : (6)

The following lemma (see e.g. [8]) describes a fairly precise behavior of the minimum degree of the random

graph process.

Lemma 4.1. For every fixed integer k > 1, zfé is the random graph process, then w.h.p.

my < T(é;ék) < M;,.

Let G = (V, E) be a graph on n vertices and, for a positive integer ¢, let
D:=D(G)={v eV : dg(v) <t} (7)

Remark 4.2. Let G = {Gz}fi% be the random graph process, then D;(G;—1) 2 D;(G;) holds for every
1<i< ()

Next, we prove and cite some structural properties of the set Dy(G(n, M)) = D;(Gps). In order to prove
these results, we resort to the use of G(n,p), where the analysis is much simpler, and then use Claim 1.2 to
transfer the results to the random graph model G(n, M).

Claim 4.3. For every integer t < n%9n, if G = {Gl}l(iz) is the random graph process and M > m;y, then
w.h.p. |Dy(Gar)| < n3.

Proof. Set p = M/(}) and let G ~ G(n,p). By (5) we have that p > 0.9Inn/n. Fix a subset U C V(G)
of cardinality |U| = [n%2]. We upper bound the probability that every vertex of U has strictly less than
t neighbors outside of U. Let N = |[V(G)\ U| = (1 — o(1))n and let u € U be an arbitrary vertex, then
eq(u, V\ U) ~ Bin(N, p), and therefore

7

Priea(w V@ \U) <] < 3 (Z.V )p%l )N

1=0
S - n 7'(1 _ )nfi

; (Z>p p
< Z exp {i - In(np) — p(n — i)}
S ;L:—00.89

Since the numbers of edges emitting out of U from each vertex of U are independent random variables (each
counting the appearance of edges in a set disjoint of all others), it follows that the probability that every

vertex of U has strictly less than ¢ neighbors outside of U, is at most n=%%IUl. There are <IZ\) subsets of

12



this cardinality. Hence, applying the union bound over all of these sets entails that the probability there

exists such a set U is at most

(|Z|> 08Ul < exp <U| (14 ln% —0.89 lnn)) < exp (—0.18|U|Inn)) < e’
By the definition of D;(G) all its vertices have less than ¢ edges emitting out of it, hence the probability that
ID4(G)| > n®3 is at most e="”. Applying Claim 1.2 we have that

Pr [|Dy(G )| > n®?] <3VM -exp (—n?) < 2vnlnn - exp (—n®?) = o(1).
This concludes the proof of the claim. O

Claim 4.4. For every fized integer k > 1 and for every integer t < In®%n, if G = {Gl}z(ig is the random

graph process and M = T(é; Ok), then w.h.p G = Gpr does not contain a non-empty path of length at most
4 such that both of its (possibly identical) endpoints lie in Dy(Gar).

Proof. Clearly, it suffices to consider the case t = In"? n. We will prove the claim for two distinct endpoints
in Dy(Gpr), and for paths of length 2 < r < 4 between them, where the other cases are similar (and a little
simpler). By Lemma 4.1 we can assume that my < 7(G;6,) < My, and hence it follows by Remark 4.2
that D:(Gpr) C De(Gr,) := D. Our analysis will consist of two stages. First we show that w.h.p. there
is no path of length at most 4 that connects two vertices of D. Second we show that w.h.p. none of the
edges that were added during the random graph process between time my and time M, that is, the edges
in E(Gar,,) \ E(Gr,,), create such a path.

Let G = G, ~ G(n,my) and let P = (vg,...,v,) be a sequence of r + 1 vertices of V(G), where
2 <7 < 4. Our first goal is to bound the probability that P forms a path of length r in G such that vy and
v, are both in D. Denote by Ap the event {v;,v;11} € E(G) for every 0 < i <r — 1, we have

Pr[Ap A {vo,v,} C D] = Pr[Ap]-Pr[{vo,v,} C D |Ap].

Denoting N = () and recalling (5) we have

Pr|Ap] = %;3) < 1.01 (h:‘) (8)

Next, we note that Pr[{vo,v,} C D | Ap| < Prlec({vo,vr}, V \ {vo,v,}) <2t | Ap]. Conditioning on Ap
implies that the two edges {vg,v1 } and {v,_1, v} are present in G. It follows that [eq ({vo, v}, V \ {vo, v, })| Ap]—
2 is distributed according to the hypergeometric distribution with parameters N — r, my — r, and 2n — 6.

13



Putting everything together we conclude that

Pr[{vo,v,} €D |Ap] < Prlec({vo,v.},V \{vo,v,}) —2 <2t —2|Ap]
2t—2 N—r—2n+6
2 —6\ (prs)
< X (70
7=0 J (mkfr)
< o 2n my — 1 N o\
= 2 ) \ N —mp + 2t N—r
2
en(mg — ) 2n—6
< ot (TR T ) —(my — 1 —2t) -
- (t(N—mk+2t)> exp( (e =7 ) N—r)
< 2t-exp(—1.91lnn)
< n7t8

Hence, applying a union bound argument over all such sequences of r + 1 vertices, we conclude that the
probability there exists a path in G of len, < r < 4 connecting two distinct vertices o is at mos

bability th ist th in G of length 2 < r < 4 ting two distinct verti f D is at t
Syt 1,01 ()" 18 = (1),

T n

In light of the above, we can assume that after my steps the random graph process does not admit a
short path connecting two vertices of D. Moreover, by Claim 4.3 we can assume that |D| < n°3. Now, let
my < M’ < My, set H = Gp—1, and let e be the edge added at step M’ (that is, e = E(Gy) \ E(H)).
We upper bound the probability that e creates a short path which connects two vertices of D D D,(H). We
note that a standard application of the Chernoff bound (Theorem 2.1) in conjunction with Claim 1.2 implies
that w.h.p. the maximum degree of H satisfies A(H) < 2lnn. Let U be the set of vertices at distance at
most 3 from D;(H). If e closes a short path that connects two vertices of Di(H), then both endpoints of e
must lie in U. Clearl}‘f |‘U | <|D|-A(H)? < 8n%31n’n. It follows that the probability that e is chosen within

U

2
N—-M'

over all integral values of my < M’ < M}, implies that the probability that such an edge is selected is o(1).

this set is at most = o(n~13). Since My — my = O(nInlnlnn), applying a union bound argument

This concludes the proof of the claim. O

Claim 4.5. For every fized integer k > 2, if G= {Gl}l(iz) is the random graph process and M = T(é; 0k),
then w.h.p. Ga = (V, E) is such that eg,, (U) < |U|In"®n for every subset of vertices U C'V of cardinality
1 <|U| < o5 -
Proof. By Lemma 4.1 we can assume that M < Mj. As the complement of the property at hand is
monotone increasing, it follows by Proposition 1.1 that it suffices to prove that, if p = p(n) < 2Inn/n and
G ~ G(n,p), then the probability that there exists a subset U C V' of cardinality 1 < |U| < % such that
ec(U) > |U[In"®n, tends to 0 as n tends to infinity. Fix a subset U of cardinality 1 < u < n-In~%n, then
ec(U) ~ Bin((4),p). Since u - n%%n > (3) - p, we can apply Lemma 2.2 to upper bound the probability

2
that eq(U) is too large. We can then upper bound the probability of the claim being violated, by applying
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a union bound argument as follows

nn=%3n n nIn7%3n I e(u)p u-ln"®n
Z ( > Prleq(U)>u-In®n] < (—) |
= U — U u-Iln""n
In—0-3 » u
< "N ! (elnogn—i-l (E)lno “n—1 . (lno 2 )ln0 8 )
o n
u=1
nn=%3n wIn®8n
0.99
< <4 (E) - (In®2 n))
n
u=1
In—0-3
< " n(l —0.09 )ulno'sn
u=1
= o(1),

where the last equality follows from the fact that we are summing a geometric series with a first element

and quotient both being o(1). This concludes the proof of the claim. O

Claim 4.6. For every fived integer k > 1 and for an integer r = sy, lfé = {Gl}z(iz) is the random

graph process and M = T(é; 0r), then w.h.p. eqg, (U W) > nIn®!n for every pair of disjoint subsets
U W CV(Guy) of cardinality |U| = |W|=r.

Proof. By Lemma 4.1 we can assume that M > my. As the property at hand is monotone increasing, it
follows by Proposition 1.1 that it suffices to prove the claim for G ~ G(n, p) with p > lnT" Fix a pair of disjoint
subsets U, W C V(G) of cardinality r each. Then eg(U, W) ~ Bin(r?,p), and thus E [eq(U, W)] > %.
We upper bound the probability that eq(U, W) is too small using Theorem 2.1. We can then upper bound
the probability of the claim being violated, by applying a union bound argument as follows

()77 ) peleowamy <amttal < (%) exp <_ - 2>p>

r r
102
< exp(r(Q—i—lnlnn— nl()n)>

o(1).

IN

This concludes the proof of the claim. O

Finally, we prove that removing vertices of small degree from a random graph with an appropriate number
of edges typically results in a graph on which Maker can win the expander game. In fact, we even show that
Maker can win the game when this graph is thinned substantially (that is, the vast majority of edges are
removed). This stronger property will play a crucial role in the proof of Theorem 3. Our proof will make

use, in particular, of results we have obtained in Claims 4.3, 4.5, 4.6 and in Theorem 3.2.

Lemma 4.7. For every o > 0 and for every fized integer k > 2, zfé = {Gi}i(i% is the random graph process
and M = 7(G;0r), then wh.p. G' = (V' E") := Gy \ Dipoo,(Gar) on n' wvertices contains a spanning
subgraph G C G’ with at most 2n' In""n’ edges, such that G € Muy,, for every 0 < ¢ < %% n’ and

R< (1—a)cz‘r/1.
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Remark 4.8. As was noted in Remark 2.6, by the monotonicity of Xg ., the above lemma can be used to
deduce that G' € My, ..

Proof. Pick every edge of G’ to be an edge of G with probability v = In"%% n, independently of all other
choices. Our goal is to prove that, with positive probability, G satisfies the conditions of Theorem 3.2, with

parameters

n/

1n%4 n/

Based on typical properties of the random graph process, we can assume that G’ satisfies the following

E=7 and r=

properties:
1) 6(G") > " n;
2) e(G') < e(Gu) < e(Gu,) < (1+0(1)) 222 (Lemma 4.1);
3) | Dipo-s o (Gar)| < nP3, and therefore n’ > n(1 —n=%7) (Claim 4.3);
4) Every set U C V' of cardinality [U| < (c + 1)r < o5, satisfies eq/(U) = eg,, (U) < |U| %% n <
|U|In%®! 0/ (Claim 4.5);
5) Every pair of disjoint subsets U, W C V' of cardinality |U| = |W| =1 > 55— satisfies eq/ (U, W) >

nn®' n (Claim 4.6).

It follows that our choice of parameters meets the requirements on ¢, ¢ and r, made in Theorem 3.2.

We proceed to prove that, with a “not too small” probability, G satisfies property Q1. First note that
every set U C V' of cardinality |U| < (c + 1)r satisfies eg(U) < ec(U) < [U|In"*' n’. The degree in G
of every vertex v € V' is binomially distributed, dz(v) ~ Bin(dg(v),v), with median at least [yd(G’)].
Therefore Pr [dg(v) > |76(G')]] > 1/2. Since 6(G") > In"? n and since the degrees of every two vertices are
positively correlated, using the FKG inequality (see e.g. [1, Chapter 6]) we have that

Pr[8(G) = 0" n)| > Pr[3(G) > |ra(c)]] = 27"

e5(G)

To(cxD) > % 7/, and thus G satisfies property Q1

It follows that with probability at least 277" we have
with probability at least P

Next, we prove that, with “very large” probability, G satisfies property Q2. Fixing a pair of disjoint
sets of vertices U, W C V' of cardinality r each, it clearly follows that es(U, W) ~ Bin(eg: (U, W), ~), and

thus E [e@(U, W)} > nIn®%n > 2/ %% /. Since # In ("7,) < n'In®% 7/, we can upper bound the

probability that the pair U, W does not satisfy property Q2 with K = 'r(lni—/Ze)’ using Theorem 2.1 as follows.
1-1 —0.02  7\2 1 0.07 s 1 0.07 s
Pr [e@(U, W) < n'In®% n’] < exp (—( n 2) namon ) < exp (_nngn) .

Applying a simple union bound argument we deduce that the probability that there exists a pair of disjoint
subsets of vertices, of cardinality r each, which does not satisfy property Q2 with K = ﬁ is at most

n' n' —r n %07/ en’ n’ %07 p/ n %07/
. cexpl| ———— | <exp|(2rln|— |- ——— | <exp| —+— .
r T 3 T 3 4
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0.97 7

Finally, note that e(G) ~ Bin(e(G’),~) and thus E {e(é)} =(1- 0(1))”'“‘%. Hence, using Theorem
2.1 we deduce that
(1 —o(1))n’ In®97 n)
G .

Pr|e(G) > 2n' In®*7 n’} < exp (—

’ 0.97 7 ’ . ’ ’
Putting everything together we conclude that exp (—(1_0(1))#) + exp (—%) < 27m,

0.97

Hence, there exists a subgraph G C G’ with at most 2n/In®*7 n/ edges which satisfies the conditions of

Theorem 3.2. It follows that G € My, . as claimed. O

5 Hitting time of the k-vertex connectivity and perfect matching

games

This short section is devoted to the proofs of Theorems 1 and 2. These two theorems are simple corollaries

of the results presented in the previous sections.

5.1 k-vertex connectivity

As already mentioned in Section 2 we will provide a sufficient condition on R and ¢ such that an (R, c¢)-

expander will surely be k-vertex connected.

Lemma 5.1. For every positive integer k, if G = (V, E) is an (R, c)-expander such that ¢ > k, and Rc >
(V| + k), then G € VCy,.

Proof. Assume for the sake of contradiction that there exists some set S C V of size |[S| < k — 1 whose
removal disconnects G. Denote the connected components of G \ S by Si,...,S:, where t > 2 and 1 <
[S1] < ... < Sy If|S1| < R, then k — 1 > |S| > |Ng(S1)| > ¢|S1| > ¢ > k, which is clearly a contradiction.
Assume then that [S1| > R. For ¢ € {1,2}, let A; C S; be an arbitrary subset of size R. It follows that
V] 2 [S1US2UNG(51) UNG(S2)| 2 [Na(A1) U Na(Az)| = [Ng(Ar)| + [Na(Az2)| — [Ng(A1) N Ne(Az)| =
2Rc—|S| > |V|+1, which is clearly a contradiction. It follows that G is k-vertex-connected as claimed. [

In order to prove Theorem 1 it thus suffices to show that w.h.p. at the moment the random graph process
first reaches minimum degree 2k, Maker has a winning strategy for the (R, c¢)-expander game for suitably
chosen values of R and c. In doing so we will heavily rely on Theorem 3.2.

Proof of Theorem 1. Fix some positive integer k > 1 and let G = {GZ}SQ) denote the random graph process.
Set M = 7(G;8a1), let G = G, SMALL = Dy00,(G), G = G[V \ SMALL] and denote by n’ the number
of vertices in G'. Setting ¢ = k + 2, and R =
G e My !

E+4

k”—+/4, the conditions of Lemma 4.7 are met, and thus

k2

Maker’s strategy will consist of splitting the board into Fy = E(G’) and Fy = Eg(SMALL, V' \ SMALL),
and playing the corresponding two games in parallel, that is, in each move Maker will claim an edge of
the board Breaker chose his last edge from (except for possibly his last move in one of the two games).

Playing on the edges of F;, Maker aims to build an (k"—;l, k + 2)-expander. As noted above, Maker has a
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winning strategy for this game. Playing on the edges of F5, Maker follows a simple pairing strategy which
guarantees that, by the end of the game, the graph H which Maker constructs will satisfy dg (v) > |dg(v)/2]
for every v € SMALL. To achieve this goal, whenever Breaker claims an edge which is incident with some
vertex v € SMALL, Maker responds by claiming a different edge incident with v if such an edge exists, and
otherwise he claims an arbitrary free edge of Fy U F5. Since the minimum degree in G is 2k, it follows by
Maker’s strategy for the game on Fy and by Claim 4.4, that in Maker’s graph H, the vertices of SMALL
form an independent set with k edges emitting out of each vertex. Since the graph H' = H[V \ SMALL] is
an (k”—;l,k + 2)-expander, and since (k + 2) - ﬁ > 3(n+ k) holds for every k > 1 by Claim 4.3, Lemma
5.1 implies that H' € VCy. Adding to H' the vertices of SMALL with their incident edges clearly keeps the
k-vertex connectivity property, as connecting a new vertex to at least k vertices of a k-vertex connected

graph produces a k-vertex connected graph. This concludes the proof of the theorem. O

5.2 Perfect matching

Next, in order to show that expansion entails admitting a perfect matching, we make use of the well-known

Berge-Tutte formula for the size of a maximum matching in a graph (see e.g. [27, Corollary 3.3.7]).

Theorem 5.2 (Berge-Tutte). The maximum number of vertices which are saturated by a matching in a
graph G = (V, E) is mingcy {|V] + |S| — odd(G — S)}.

The following lemma is applicable regardless of the parity of the number of vertices in the graph.

Lemma 5.3. If G = (V,E) is an (R, c)-expander such that ¢ > 2 and (¢ + 1)R < |V| < 2Rc — 8¢, then
G e PM.

Proof. From the conditions on R and c it follows that Re > |V|/2 and, combined with G being an (R, ¢)-
expander, this trivially implies that the graph G must be connected. Setting S = (), we have that odd(G—S) =
1 for odd |V, and that odd(G — S) = 0 for even |V|. By Theorem 5.2 we can thus assume that S # 0.
We will in fact prove that |\S| > conn(G — S) holds for every non-empty S C V. It clearly suffices to prove
this for every § # S C V of cardinality |S| < |V|/2. Let S be such a set, let ¢ = conn(G — S), and let
S1,...,S; denote the connected components of G — S, where 1 < [S1| < ... < |S;|. Assume first that there
exists a set A C {1,...,t} such that |S|/c < |U;c4 Si| < R. By definition we have Ng(U;c4 Si) € S.
It follows that [S| > |Ng(U;ea Si)l = ¢|Uiea Si| > |S], which is clearly a contradiction. Hence, no such
A C {1,...,t} exists. It follows that there must exist some 0 < j* < t such that Zle [S:] < [IS|/¢]
and |S;| > R — |S|/c for every j* < i < t. If j* > t — 1, then, since |S;| > 1 for every 1 < i < ¢,
it follows that ¢t < ZZ: [Si| +1 < [|S|/c] +1 < |S|. Hence, we can assume that j* < ¢ — 2. We
split our analysis of this case into two subcases. First, assume that 1 < |S] < % or equivalently, that
c(R—1S|/c) > |S|. If R —|S|/c < |Sj=41| < R, then, as S O Ng(Sj«4+1) we have that |S| > |[Ng(Sj«41)| >
¢(R—1S|/¢) > |S|, a contradiction. Therefore, in this subcase |S;| > R holds for every j* < i < ¢. Since
j* < t—2, for i € {t —1,t}, we can choose A; C S; to be an arbitrary subset of size R. It follows
that [V = Y20, [Si] +1S] > ¢t — 2+ [Si—1 US; UNG(Si—1) UNG(Si)| >t — 24 [Ng(Ai—1) U Na(Ay)| =
t—2+|Ng(Ai—1)|+|Na(A)|—|Nag(A—1)NNg(Ay)| > t—2+2Rc—|S| > |V|+8c+t—2—|S|, which implies
|S| > t+8c—2 > t. This completes the proof of the first subcase. Second, we assume that Re/2 < |S| < |V/2;
it follows that |S| > |V|/4. Note that under our assumption on R and ¢ we have that R — |S|/c > 4, and

therefore |S;| > 5 for every j* < i < t. Moreover, since |S;| > 1 holds for every 1 < i < j*, it follows that
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j* < |S|/c. Putting everything together we have that |S| > %22:1 |Si| > j*+(t_'j*§(R_‘S|/c) > 5t—34j*7 and
therefore ¢t < @(3 +2) <|S|. This concludes the proof of the lemma. O

In order to prove Theorem 2 we proceed very similarly to the proof of Theorem 1.

Proof of Theorem 2. Let G = {Gl}z(i% denote the random graph process. Set M = 7'((~?;(52)7 let G = Gyy,
SMALL = Dy, 0.0,,(G), G' = G[V \ SMALL] and denote by n’ the number of vertices in G’. Setting ¢ = 8, and

R= %, the conditions of Lemma 4.7 are met, and thus G’ € My , .
Ev

Maker’s strategy is quite similar to the one presented in the proof of Theorem 1. He splits the board into
Fy = E(G') and F» = Eg(SMALL, V \ SMALL), and plays the corresponding two games in parallel, that is,
in each move Maker will claim an edge of the board Breaker chose his last edge from (except for possibly his
last move in one of the two games). Playing on the edges of F}, Maker aims to build an (n’/10, 8)-expander.
As noted above, Maker has a winning strategy for this game. We denote the restriction of the graph built by
Maker by the end of the game to the edges of Fy by H;. Playing on the edges of F», Maker follows a simple
pairing strategy which guarantees that, by the end of the game, the graph H, which Maker constructs will
satisfy dp,(v) > |dg(v)/2] for every v € SMALL. To achieve this goal, whenever Breaker claims an edge
which is incident with some vertex v € SMALL, Maker responds by claiming a different edge incident with v
if such an edge exists, and otherwise he claims an arbitrary free edge of F; U F5. Recalling Claim 4.4 we can
assume that SMALL is an independent set in G and that no two vertices in SMALL share a common neighbor.
As the minimum degree in G is 2, Maker’s graph, H = H; U Hy, will contain at least one edge emitting out of
every vertex in SMALL, each incident with a different vertex of V'\ SMALL. Therefore, there exists a matching
M which covers all vertices of SMALL. Let T denote the set of vertices of V' \ SMALL which are covered by
M. Again, by Claim 4.4 we can assume that no two vertices in T" share a common neighbor (as this would
create a path of length 4 between two vertices in SMALL). Since, the graph H; is an (n’/10, 8)-expander, it
follows by Claim 2.7 that the graph H' = H; \ T is an (n’/10, 7)-expander. The values R =n'/10 and ¢ =7
satisfy the condition of Lemma 5.3, implying that H' € PM. Let M’ be some perfect matching of H’, then
M UM’ is a perfect matching of H. This concludes the proof of the theorem. O

6 Hitting time of the Hamiltonicity game

Our proof of Theorem 3 is fairly similar to the two proofs presented in the previous section. However,
having built an appropriate expander, Maker will need to claim additional edges in order to transform his
expander into a Hamiltonian graph. In order to describe the relevant connection between Hamiltonicity and

(R, ¢)-expanders, we require the notion of boosters.

Definition 6.1. For every graph G, we say that a non-edge {u,v} ¢ F(G) is a booster with respect to G, if
either G U {u, v} is Hamiltonian or ¢(G U {u,v}) > ¢(G). We denote by B¢ the set of boosters with respect
to G.

The following is a well-known property of (R, 2)-expanders (see e.g. [14]).

Lemma 6.2. If G is a connected non-Hamiltonian (R,2)-expander, then |Bg| > R%/2.
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Our goal is to show that during a game on an appropriate graph G, assuming Maker can build a subgraph
of G which is an (R, ¢)-expander, he can also claim sufficiently many such boosters, so that his (R, ¢)-expander

becomes Hamiltonian. In order to do so, we further analyze the structure of the random graph process.

Lemma 6.3. Ifé = {Gz}fi% is the random graph process and M = T(é; d4), then w.h.p. Gpr does not
contain a connected non-Hamiltonian (n/5,2)-expander T' with at most n1n®*® n edges such that |E(Gyr) N

nlnn
Br| < 100 -

Proof. First we note that any (n/5,2)-expander must be connected, as each connected component must
be of size at least n/5 + 2n/5 > n/2. Let mqy < M’ < My be an integer, let p = M’/(3) > 22 and let
G = (V,E) ~ G(n,p). Our goal is to prove that the probability that G contains a connected non-Hamiltonian

(n/5,2)-expander subgraph I with at most n In””® n edges such that |[ENBr| < %22 is “much smaller” than
the probability that e(G) = M'. Applying Claim 1.2 for every integer my < M’ < M, and then summing
over all such integers, will enable us to complete the proof.

Let S denote the set of all labeled non-Hamiltonian (n/5,2)-expanders on the vertex set V' which have at
most 7 1n%?® n edges. Fix a graph T' = (V, F) € S, then clearly Pr [’ C G] = pl¥l. Now, let G’ = (V, E\ F) ~
G(n,p)_p. By definition, every booster with respect to I" is a non-edge in I, hence Br is a subset of the
potential pairs of the graph G’. Lemma 6.2 implies that |Br| > n?/50, and since |E(G") N Br| ~ Bin(|Br|, p),
it follows that E [|E(G") N Br|] > "5—2017 > nlin - Applying Theorem 2.1 we have

50
Inn (1 = ﬂ)2 n’p n’p
Pr ||E(G < < ——0L - | = TR
r ||E(G") N Br| < 100 } <exp ( 100 exp ( 400)

Next, we note that by the independence of appearance of edges in G(n,p), the event I' C G and the event

that some booster e with respect to I' was chosen among the edges of G’, are independent events. It follows

that the probability that G' contains a connected non-Hamiltonian (n/5,2)-expander I' with m < nn®%®n

edges, such that |E N Br| < nlon jg at most ((;2?) P - exp (—Z%é’). Applying a union bound argument over

100
0.98

all integers 1 < m < nln"“°n we obtain

0.98

(@D

m=1

nln®%n 2 m 2
< PN axp (TP
= 2 \om P\ 7400

nan.an 5 2

n-p n-p

< 1am (22)) P
= P ( +n<2m>) 400)

2
< exp (n()ll)> .

Using Claim 1.2, the above calculation implies that the same event, with G ~ G(n, M’), is upper bounded

by 3V M’ - exp (—%) < exp (’Z(}g"). Taking the union bound over all integral values of my < M’ < My,

we conclude that the probability there exists such an integer M’ for which G violates the claim is at most
(My —my+1)-exp (‘Zé;") <nlnlnlnn-exp (‘Zé;”) = o(1). O

We are now ready to present the full proof of Theorem 3.
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Proof of Theorem 3. Let G = {G,»}Z.(i% denote the random graph process. Set M = T(é; 04), let G = Gy,
SMALL = Djp0.9,,(G), G' = G[V \ SMALL] and denote by n’ the number of vertices in G’. By Claim 4.3 we
can assume that [SMALL| < n%3. Setting ¢ = 3, and R = %, the conditions of Lemma 4.7 are met, and

thus there exists a subgraph G C G’ such that Gec Mx, , and e(é) <20/ %% n'.
o

Maker’s strategy consists of two phases. Let e; denote the edge selected by Maker in his ith move and
let H; = (V,{e1,...,e;}) denote Maker’s graph immediately after his ith move. Let H’ denote Maker’s
graph at the end of the first phase and let H denote Maker’s graph at the end of the second phase, that
is, Maker’s final graph. Before the game starts, Maker splits the board F(G) into three parts F; = E(@),
Fy = E¢(SMALL, V\ SMALL) and Fy = E(G’\G). During the first phase, Maker plays two games in parallel,
one on Fj and the other on F5. For every j > 1, on his jth move of the first phase, Maker claims an edge of
Fy UF5, according to his strategy for each of the two games. If on his jth move Breaker claims an edge of Fj,
for some i € {1,2}, then Maker claims an edge of F; as well (unless he has already achieved his goal in the
game on F;). If Breaker claims an edge of Fs, then Maker claims an edge of F7UF5 which brings him closer to
his goal in the corresponding game. Playing on the edge set of F';, Maker aims to build a (9n'/40, 3)-expander
H!. As noted above, Maker has a winning strategy for this game. Moreover, since |F}| < 2n/ In%°7 n/, Maker

097/ moves. Playing on the edges of F,, Maker

can build such an expander within at most ¢;; := n’In
follows a simple pairing strategy which guarantees that, by the end of the game, the graph H) which Maker
constructs, will satisfy dg; (v) > 2 for every v € SMALL. For every edge which is incident with some vertex
v € SMALL that Breaker claims, Maker responds by claiming a different edge incident with v. Note that if
Maker’s current graph already contains two edges incident with v he can simply claim another free edge of
F} U F; which brings him closer to his goal in the corresponding game. Hence, the number of moves required
for Maker to reach his goal in the game on Fj is at most ¢ 5 := 2|SMALL| < 2n0-3. Tt follows by Claim 4.4
that SMALL is an independent set and that no two edges emitting from SMALL are incident with the same
vertex of V'\ SMALL. Hence, Maker’s graph Hj, satisfies Ny, (U') > 2|U’| for every U’ C SMALL. Applying
Claim 2.8 and noting that 9n’/40 > n/5, it follows that H' = Hj U H} is an (n/5,2)-expander. Clearly,
Maker’s final graph H is an (n/5,2)-expander as well. A crucial point to keep in mind is that the number

of moves required for Maker to construct his (n/5,2)-expander H', is t; =t11 +t12 = o(n1n’% n).

After having completed the construction of H’, Maker proceeds to the second phase of his strategy. Let
to < n denote the number of moves Maker plays during the second phase. For every ¢; < j < t1 + 2, on
his jth move, Maker claims an edge of G which is a booster with respect to H;_;. This is possible since,
throughout the game Breaker claims at most ¢; + t2 < t; + n edges of G, but by Lemma 6.3, w.h.p. either
Hj;_, is Hamiltonian or it has at least nlnn/100 > t; + n boosters among the edges of G. It follows by the
definition of a booster that either H; is Hamiltonian or ¢(H;) > ¢(H;_1). Repeating the same argument
to < n times, we conclude that H is Hamiltonian as claimed. O

7 Remarks on possible generalizations

We note that, by using a slight modification of our proofs, Theorems 2 and 3 can in fact be extended. Recall
that for every positive integer k > 1, PM* and HAM?* denote the graph properties of admitting k pairwise

edge-disjoint perfect matchings, and k pairwise edge-disjoint Hamilton cycles respectively.
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Theorem 4. For every fixed integer k > 1, z'fé is the random graph process, then w.h.p.
T(é;M'PMk) = 7(G; 0a).
Theorem 5. For every fixed integer k > 1, zfé 18 the random graph process, then w.h.p.

(G My apar) = 7(G5 641.).

Theorem 5 can be viewed as a Combinatorial game analog of the classical result of Bollobas and Frieze [9]
who proved that w.h.p. 7(G; HAM") = 7(G; 821,) (see also [14] for an extension to non-constant minimum
degree in the G(n, p) model). Moreover, as noted in Subsection 1.4.1, Theorem 5 entails this result of Bollobds

and Frieze when & is even.

We now sketch how the proof of Theorem 3 can be adapted so as to entail Theorem 5. Similarly, the
proof of Theorem 4 can be obtained using appropriate modifications to the proof of Theorem 2, but as this
case is simpler, we omit the details.

09y from the random graph

It suffices to prove that when removing all vertices of degree at most In
G(n, M), where M = 7(G; 84;,), playing on this subgraph G’ on n’ vertices, w.h.p. Maker can quickly (that
is, within o(n’ Inn’) moves) build a (9n’/40k, 3k)-expander H' for which the property M2 with r = n//In%*n’
holds. Moreover, at the same time, Maker can ensure that the minimum degree of his graph will be at least
2k. After the removal of 0 < i < k—1 edge-disjoint Hamilton cycles from the original graph we have removed
a 2i-regular graph from H’ and are left with a graph ﬁi (which is spanned by the vertices which are not in
SMmALL) for which [Ng (U)| > 3k|U| — 2i[U| > (k +2)|U| for every U C V(H') of cardinality |U| < 9n'/40k.
To complete the proof it is left to note that the choice of the parameter r guarantees that between sets of
linear size there is a super-linear number of edges. It is not hard to see that adding back the vertices of
SMALL, each of which is incident with at least 2k — 2i > 2 edges, results in a connected (n/5,2)-expander.
This graph has more boosters than the number of moves played so far. It follows that Breaker could not
have claimed all of them. Maker can thus continue playing for another Hamilton cycle using the boosters
left in the graph. As there is a super-linear number of boosters and Breaker can claim at most n of them
per Hamilton cycle, Maker can keep playing this way until he completely saturates his vertices of minimum

degree.
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